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CONTACT (+1)-SURGERIES ON RATIONAL HOMOLOGY 3-SPHERES
FAN DING, YOULIN LI AND ZHONGTAO WU
ABSTRACT. In this paper, sufficient conditions for contact (+1)-surgeries along Legen-
drian knots in contact rational homology 3-spheres to have vanishing contact invariants or
to be overtwisted are given. They can be applied to study the contact (±1)-surgeries along
Legendrian links in the standard contact 3-sphere. We also obtain a sufficient condition
for contact (+1)-surgeries along Legendrian two-component links in the standard contact
3-sphere to be overtwisted via their front projections.
1. INTRODUCTION
There is a dichotomy of contact structures on 3-manifolds: tight and overtwisted. Given
a contact 3-manifold (Y, ξ), it is a fundamental question to ask whether it is tight or over-
twisted. In [33], Ozsva´th and Szabo´ introduced contact invariants c(ξ) ∈ ĤF (−Y ) and
its image c+(ξ) ∈ HF+(−Y ), and proved that if (Y, ξ) is overtwisted then c(ξ) vanishes.
Moreover, Ghiggini proved that if (Y, ξ) is strongly symplectic fillable then c+(ξ), and
hence c(ξ), are non-trivial [18, Theorem 2.13]. So it is crucial to determine whether the
contact invariant is trivial or not. In [9], the first author and Geiges proved that any closed
contact 3-manifold can be obtained by contact surgery on the standard contact 3-sphere
(S3, ξst) along a Legendrian link L1 ∪ L2 with coefficients +1 for each component of L1
and−1 for each component of L2. This leads us to study the tightness and contact invariant
of (Y, ξ) through its contact (±1)-surgery along Legendrian links in (S3, ξst). If L1 is an
empty set, then (Y, ξ) is Stein fillable, and c(ξ) is nontrivial, and hence (Y, ξ) is tight. So we
consider the case that L1 is non-empty, namely there are contact (+1)-surgeries involved
in the surgery. In [11], the authors studied the contact (+1)-surgeries along Legendrian
two-component links in (S3, ξst).
In many situations, the problem of contact (±1)-surgeries along Legendrian links in (S3, ξst)
can be reduced to a problem of contact (+1)-surgeries along Legendrian knots in contact
rational homology 3-spheres. This may occur, for example, when the contact (−1)-surgery
along the sublink L2 yields a contact rational homology 3-sphere.
For a Legendrian knot L in the standard contact 3-sphere (S3, ξst), whether the contact
p
q
surgery along L has non-vanishing contact invariant, or is tight, is well studied by Lisca
1
2 FAN DING, YOULIN LI AND ZHONGTAOWU
and Stipsicz [26, 27], Golla [19], and Mark and Tosun [28], etc. Recall that the contact
invariants are functorial under the cobordism induced by the contact (+1)-surgery [33].
Thus, if (Y, ξ) is a contact 3-manifold whose contact invariant is vanishing, then the contact
(+1)-surgery along any Legendrian knot in (Y, ξ) has vanishing contact invariant as well.
By the main result in [38] and the cancellation lemma in [8], the contact (+1)-surgery along
any Legendrian knot in an overtwisted contact 3-manifold (Y, ξ) is overtwisted as well. In
this paper, we are concerned with the contact invariants and the overtistedness of the contact
(+1)-surgeries along Legendrian knots in contact rational homology spheres. Suppose L is
a Legendrian knot in contact 3-manifold (Y, ξ), we denote by (Y+1(L), ξ+1(L)) the contact
(+1)-surgery on (Y, ξ) along L.
The last two authors introduced an invariant τ ∗c(ξ)(Y,K) for a rationally null-homologous
knot K in a contact 3-manifold (Y, ξ) with non-vanishing contact invariant c(ξ) [24],
and proved that this invariant gives an upper bound for the sum of the rational Thurston-
Bennequin invariant and the absolute value of the rational rotation number of all Legendrian
representatives ofK, i.e.,
tbQ(L) + |rotQ(L)| ≤ 2τ
∗
c(ξ)(Y,K)− 1.
This is a generalization of the inequalities appeared in [4], [13], [36], [21], etc. We give a
sufficient condition for the contact (+1)-surgery having vanishing contact invariant.
Theorem 1.1. Suppose K is a knot in a rational homology 3-sphere Y , and ξ is a contact
structure on Y with nontrivial contact invariant c(ξ) ∈ ĤF (−Y ). Let L be a Legendrian
representation ofK. Then the contact invariant c(Y+1(L), ξ+1(L)) vanishes if
tbQ(L) + |rotQ(L)| < 2τ
∗
c(ξ)(Y,K)− 1.
Let L+11 ∪ L
−1
2 denote the contact 3-manifold obtained by a contact surgery on (S
3, ξst)
along a Legendrian link L1 ∪ L2 with coefficients +1 for each component of L1 and −1
for each component of L2. Considering the front projection of L1 ∪ L2, O¨zbag˘ci showed
in [31] that if some component of L2 contains an isolated stabilized arc in the sense that
it does not tangle with any other component of L1 ∪ L2, then L
+1
1 ∪ L
−1
2 is overtwisted.
In fact, thanks to the main result in [38], the condition in O¨zbag˘ci’s result can be slightly
relaxed to be that some component of L1 contains an isolated stabilized arc in the sense
that it does not tangle with any component of L2. Applying Theorem 1.1 we obtain a result
similar to that of O¨zbag˘ci. Here we consider isolated Legendrian connected summands.
See Figure 1. We refer the reader to [16] for Legendrian connected sum.
Proposition 1.2. Let L1 ∪ L2 ⊂ (S
3, ξst) be an oriented Legendrian link. If the contact
3-manifold L−12 is a rational homology 3-sphere, and there exists a front projection of
L1 ∪ L2 such that some component L1 of L1 contains an isolated connected summand L3
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which does not tangle with L2 and satisfies
tb(L3) + |rot(L3)| < 2τ(K3)− 1,
where K3 is the topological type of L3, then the contact invariant of L
+1
1 ∪ L
−1
2 vanishes.
L3 L3
FIGURE 1. Isolated Legendrian connected sum.
On the other hand, we remark that the second part of [27, Proposition 1.4] can be general-
ized to Legendrian knots in contact L-spaces.
Proposition 1.3. Suppose (Y, ξ) is a contact L-space, and L is a Legendrian knot in (Y, ξ).
If tbQ(L) < −1, then the contact invariant c
+(Y+1(L), ξ+1(L)) vanishes.
As mentioned earlier, this result may be used to study certain contact (±1)-surgeries along
Legendrian links in (S3, ξst).
Corollary 1.4. Let L = L1 ∪ L2 be a Legendrian link in (S
3, ξst) with linking number
l. Suppose that L2 is a Legendrian L-space knot and l
2 > 2g(K2)(tb(L1) + 1), where
g(K2) denotes the genus of the topological type K2 of L2. Then the contact invariant
c+(L+11 ∪ L
+1
2 ) vanishes.
Now we deal with the overtwistedness of contact (+1)-surgeries. Among other things,
Conway ([6]) and Onaran ([30]) obtained sufficient conditions for the overtwistedness of
contact (+1)-surgeries along Legendrian null-homologous knots. Here we generalize Con-
way’s result to Legendrian knots in contact rational homology 3-spheres. Likewise, it is
useful in determining the overtwistedness of contact (±1)-surgery along Legendrian links
in (S3, ξst).
Theorem 1.5. Let L be a Legendrian knot in a contact rational homology 3-sphere (Y, ξ).
Then (Y+1(L), ξ+1(L)) is overtwisted if
tbQ(L) < −1 and |rotQ(L)| − tbQ(L) > −
χ(F )
q
,
where q is the order of [L] in H1(Y ;Z), and χ(F ) is the Euler characteristic of a rational
Seifert surface F for L.
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In [11, Theorem 1.6], the authors obtained a sufficient condition for the contact (+1)-
surgery along Legendrian two-component links in (S3, ξst) to be overtwisted via some spe-
cial configurations of the front projections. In this paper, as a supplement, we give a refined
condition for overtwisted surgeries. It is an improvement of [11, Corollary 6.4].
Theorem 1.6. Suppose there exists a front projection of a Legendrian two-component link
L = L1 ∪ L2 in the standard contact 3-sphere (S
3, ξst) that contains a configuration ex-
hibited in Figure 2, then contact (+1)-surgery on (S3, ξst) along L yields an overtwisted
contact 3-manifold.
L1 L2
FIGURE 2. A configuration in a front projection of a Legendrian two-
component link L.
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2. RATIONAL NULL-HOMOLOGOUS KNOTS IN 3-MANIFOLDS
Suppose that K is a rationally null-homologous knot in a 3-manifold Y , and the order of
[K] in H1(Y ;Z) is q. According to [1], we define a rational Seifert surface for K to be a
map j : F → Y from a connected compact orientable surface Σ to Y that is an embedding
of the interior of F into Y \K, and a q-fold cover from its boundary ∂F to K. Denote by
N(K) a tubular neighborhood of K in Y , and by µ ⊂ ∂N(K) the meridian of K. We can
assume that F ∩ ∂N(K) is composed of c parallel cooriented simple closed curves, each
of which has homology [ν] ∈ H1(∂N(K);Z). Then We can choose a canonical longitude
λcan such that [ν] = t[λcan] + r[µ], where t and r are coprime integers, and 0 ≤ r < t (cf.,
e.g., [37, Section 2.6]). Certainly we have ct = q.
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2.1. Filtrations. Suppose Y is a rational homology sphere. Let K be a knot in Y and
(Σ,α,β, w, z) be a corresponding doubly pointed Heegaard diagram ofK in Y . Then the
set of relative Spinc-structures determine a filtration of the chain complex ĈF (Y ) via a
map
sw,z : Tα ∩ Tβ → Spin
c(Y,K).
Each relative Spinc structure s for (Y,K) corresponds to a Spinc structure s on Y via a
natural map GY,K : Spin
c(Y,K)→ Spinc(Y ).
Fix a rational Seifert surface F forK. Following Ni [29], we define the Alexander grading
of a relative Spinc-structure s ∈ Spinc(Y,K) by
(2.1) A(s) =
1
2q
(〈c1(s), [F˜ ]〉 − q),
where c1(s) ∈ H
2(Y,K;Z) and F˜ is the closure of j(F ) \N(K).
Moreover, the Alexander grading of an intersection point x ∈ Tα ∩ Tβ is defined by
A(x) =
1
2q
(〈c1(sw,z(x)), [F˜ ]〉 − q).
In general, the Alexander grading A(x) is a rational number. Nonetheless, observe that for
any two relative Spinc structures s1, s2 ∈ G
−1
Y,K(s) of a fixed s, we have s2 − s1 = l PD[µ]
for some integer l. Hence, there exists a unique rational number ks ∈ [−
1
2
, 1
2
) depending
only on s such that for every s ∈ G−1Y,K(s),
1
2q
(〈c1(s), [F˜ ]〉 − q) = ks + k
for some integer k [37]. Let s0 be the unique relative Spin
c structure in G−1Y,K(s) which
satisfies that 1
2q
(〈c1(s0), [F˜ ]〉 − q) = ks.
As a result, the Alexander grading induces effectively a Z-filtration of ĈF (Y, s) by
Fs,j = {x ∈ ĈF (Y, s)|A(x) ≤ ks + k},
where k ∈ Z.
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2.2. Rational τ -invariants and rational ν-invariants. For any Spinc-structure s on a ra-
tional homology sphere Y , there is a Z⊕(ks+Z)-filtered chain complexCFK
∞(Y,K, s0).
Here, we use the convention in [22]. We also denote it by CFK∞(Y,K, s), and abbreviate
it by Cs.
Let
ιs : Cs{i = 0, j ≤ s} → Cs{i = 0}
be the inclusion map, where s ∈ ks +Z. It induces a homomorphism between the homolo-
gies
ιs∗ : H∗(Cs{i = 0, j ≤ s})→ ĤF (Y, s).
Let
vs : Cs{max(i, j − s) = 0} → Cs{i = 0}
be the composition of ιs and a quotient map from Cs{max(i, j − s) = 0} to Cs{i = 0, j ≤
s}. It induces a homomorphism between the homologies
vs∗ : H∗(Cs{max(i, j − s) = 0})→ ĤF (Y, s).
Next we recall the definitions of rational τ invariants [21].
Definition 2.1. For any [x] 6= 0 ∈ ĤF (Y, s), define
τ[x](Y,K) = min{s|[x] ∈ Im(ιs∗)}.
Then we introduce the definitions of rational ν invariants in the same manner as Hom-
Levine-Lidman did in the integral homology sphere case ([23]).
Definition 2.2. For any [x] 6= 0 ∈ ĤF (Y, s), define
ν[x](Y,K) = min{s|[x] ∈ Im(vs∗)}.
Lemma 2.3. ν[x](Y,K) = τ[x](Y,K) or τ[x](Y,K) + 1.
Proof. Using [21, Proposition 24] and [24, Proposition 2.5], the proof is similar to the case
of knots in S3 [35, Equation 34], and is straightforward. 
Consider the orientation reversal −Y of Y , we have the paring
〈−,−〉 : ĈF (−Y, s)⊗ ĈF (Y, s)→ Z/2Z,
given by
〈x, y〉 =
{
1 if x = y,
0 otherwise.
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It descends to a pairing
〈−,−〉 : ĤF (−Y, s)⊗ ĤF (Y, s)→ Z/2Z.
Definition 2.4. For any [y] 6= 0 ∈ ĤF (−Y, s), define
τ ∗[y](Y,K) = min{s|∃α ∈ Im(ιs∗), such that〈[y], α〉 6= 0}.
Proposition 2.5. [24, Proposition 2.3] Let [y] 6= 0 ∈ ĤF (−Y, s). Then
τ[y](−Y,K) = −τ
∗
[y](Y,K).
Proposition 2.6. [24, Proposition 2.4] For any [yi] 6= 0 ∈ ĤF (−Yi, si), i = 1, 2, we have
τ ∗[y1]⊗[y2](Y1♯Y2, K1♯K2) = τ
∗
[y1]
(Y1, K1) + τ
∗
[y2]
(Y2, K2).
Suppose (Y1, ξ1) and (Y2, ξ2) are two contact rational homology 3-spheres with nonva-
nishing contact invariants c(ξ1) and c(ξ2), then the contact invariant of (Y1♯Y2, ξ1♯ξ2) is
c(ξ1)⊗ c(ξ2) ∈ ĤF (−Y1)⊗ ĤF (−Y2). See for example [21, Page 105]. As a corollary of
Proposition 2.6, we have the following proposition.
Proposition 2.7. Let K1 ⊂ (Y1, ξ1) andK2 ⊂ (Y2, ξ2) are two smooth knots, then
τ ∗c(ξ1)⊗c(ξ2)(Y1♯Y2, K1♯K2) = τ
∗
c(ξ1)
(Y1, K1) + τ
∗
c(ξ2)
(Y2, K2).
2.3. Mapping cone for Morse surgery along knots in rational homology 3-spheres.
Suppose Y is a rational homology sphere with Spinc structure s, and K is a knot in Y .
Suppose s is a relative Spinc structure for (Y,K) such that GY,K(s) = s.
Let λcan be the canonical framing ofK. We recall the surgery formula for the Morse surgery
on Y along the knotK with framing λ = λcan+pµ, where the surgered manifold is denoted
by either Yp(K) or Yλ(K).
Let As = Cs{max(i, j − ks) = 0} and Bs = Cs{i = 0}. There are two natural projection
maps
vs : As → Bs, hs : As → Bs+PD([λ]).
Define
Φ :
⊕
s
As →
⊕
s
Bs, (s, a) 7→ (s, vs(a)) + (s+ PD([λ]), hs(a)) ,
which is often written in the following form
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· · ·
''P
P
P
P
P
P
P
P
P
P
P
P
P
P
As−PD[λ]
v
s−PD[λ]

h
s−PD[λ]
''P
P
P
P
P
P
P
P
P
P
P
P
P
As
vs

hs
''P
P
P
P
P
P
P
P
P
P
P
P
P
P
As+PD[λ]
v
s+PD[λ]

h
s+PD[λ]
''P
P
P
P
P
P
P
P
P
P
P
P
P
· · ·
· · · Bs−PD[λ] Bs Bs+PD[λ] · · ·
Note that the mapping cone of Φ splits over equivalence classes of relative Spinc structures,
where s1 and s2 are equivalent if s2 = s1 +mPD[λ] for some integerm.
Theorem 2.8. [35, Theorem 6.1] Denote X̂[s] the summand of the cone of Φ corresponding
to the equivalence class of s. Then there exists a quasi-isomorphism of the absolute-graded
F[U ]-modules,
X̂[s] ∼= ĈF (Yλ(K), GYλ(K),Kλ(s)).
Theorem 2.9. [37, Theorem 4.2] For any knot K in a rational homology sphere Y with
Spinc structure s. Let Yp(K) be the p-surgery on Y along K with an integer coefficient
p relative to the canonical framing λcan. Let X : Y → Yp(K) be the Morse surgery
cobordism, and let t ∈ Spinc (W ) which extends s. Then the cobordism map in Floer
homology induced by t corresponds via Φ to the inclusion of Bs in X̂p(Y,K), where s is
determined by
〈c1 (t) , [j(F ) ∪ qC]〉+ pq − cr = 2qA(s).
3. CONTACT (+1)-SURGERIES IN RATIONAL HOMOLOGY 3-SPHERES WITH
VANISHING CONTACT INVARIANTS
Given a rationally null-homologous oriented Legendrian knot L in a contact 3-manifold
(Y, ξ). One can define the rational Thurston-Bennequin invariant of L, and the rational
rotation number of L. We refer the reader to [1] for more details.
SupposeK is a rationally null-homologous knot in a 3-manifold Y ; ξ is a contact structure
on Y ; L is a Legendrian representative of K of order q in (Y, ξ); F is a rational Seifert
surface for K. Suppose the contact framing of L is λcon = λcan + (p − 1)µ for some
integer p. Performing contact (+1)-surgery along L, we obtain a contact structure ξ+1(L)
on a 3-manifold Yp(K), or Y+1(L). This contact (+1)-surgery induces a cobordism (X, t1)
from (Y, ξ) to (Y+1(L), ξ+1(L)). Moreover, by Theorem 2.9, we have
〈c1(t1), [j(F ) ∪ qC]〉+ pq − cr = 2q(ksξ + k),
for some integer k, where sξ is the Spin
c structure represented by ξ.
Lemma 3.1. 〈c1(t1), [j(F ) ∪ qC]〉 = q · rotQ(L).
CONTACT (+1)-SURGERIES ON RATIONAL HOMOLOGY 3-SPHERES 9
Proof. The contact (+1)-surgery can be seen as a symplectic handlebody surgery on the
concave end of a symplectic cobordism. Mimicing the proof of [10, Proposition 3.3, Re-
mark 3.4], [24, Lemma 4.1] and [20, Proposition 2.3], we obtain the lemma. 
Lemma 3.2. pq − cr = q · (tbQ(L) + 1).
Proof. Recall that the contact framing of the Legendrian knot L is λcon = λcan+ (p− 1)µ.
By definition in Baker-Etnyre [1], tbQ(L) is the rational linking number ofK and λcon. So
by [1, Page 23],
tbQ(L) + 1 = lkQ(K, λcon) + 1 =
1
q
j(F ) · λcon + 1
=
1
q
· (q[λcan] + cr[µ]) · ([λcan] + (p− 1)[µ]) + 1
=
1
q
(pq − cr).

Theorem 3.3. Let L be an oriented Legendrian knot in a contact rational homology 3-
sphere (Y, ξ). Then there exists a cobordismW from Y to Y+1(L), and a Spin
c structure t2
onW such that the homomorphism
F−W,t2 : ĤF (−Y )→ ĤF (−Y+1(L))
satisfies that
(1)
F−W,t2(c(ξ)) = c(ξ+1(L)),
(2) The Spinc structure t2 has the property that
〈c1(t2), [j(F ) ∪ qC]〉 = ±q · rotQ(L).
Proof. The proof of (1) is exactly the same as that of the contact (+1)-surgery case of
Mark-Tosun [28, Theorem 3.1, 1)]. In their proof, they assumed that L is integral null-
homologous. However, since for any Legendrian knot in (Y, ξ), there exists an open book
decomposition compatible with ξ such thatL lies on a page of the open book decomposition
and the contact framing of L coincides with the surface framing of L induced by the page
[14, Corollary 4.23], their proof actually applies to all Legendrian knots. The cobordismW
is induced by the reducible open book surgery. Since the contact surgery coefficient here
is +1, according to [28, Section 3.2, second paragraph], it follows thatW is diffeomorphic
to the cobordism X .
Using Lemma 3.1, the proof of (2) is essentially the same as that of [28, Theorem 3.1, 2),
Corollary 3.6] in the case that c1(ξ+1(L)) is torsion. Indeed, we have c
2
1(t2)−W = c
2
1(t1)−W .
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If c1(ξ+1(L)) is non-torsion, then Y+1(L) is not a rational homology 3-sphere, and the
conclusion follows from that t1 and t2 are determined by their restriction on Y+1(L). In
particular, this implies c1(t2)−W = c1(t1)−W in the non-torsion case. In either case, we
obtain
〈c1(t2), [j(F ) ∪ qC]〉 = ±〈c1(t1), [j(F ) ∪ qC]〉 = ±q · rotQ(L).

In the following, we use the notationAA(s) and BA(s) in place ofAs andBs, and replace the
notions vs and hs by vA(s) and hA(s).
Corollary 3.4. Let L be an oriented rational nullhomologous Legendrian knot in (Y, ξ).
Then the contact invariant c(ξ+1) ∈ ĤF (−Yp(K)) is equal to the generator of the image
in homology of the map given by the inclusion
Bksξ+k →֒ X̂−p(−Y,K),
where k satisfies
2(ksξ + k) = −tbQ(L)± rotQ(L)− 1.
Proof. This follows directly from Lemma 3.1, Lemma 3.2 and Theorem 3.3. 
Lemma 3.5. SupposeK is a rationally null-homologous knot in a contact 3-manifold (Y, ξ)
with c(ξ) nonvanishing. For k as above, c(Y, ξ) 6∈ Im(vksξ+k∗) if and only if both
νc(ξ)(−Y,K) = −τ
∗
c(ξ)(Y,K) + 1 and τ
∗
c(ξ)(Y,K) =
1
2
(tbQ(L)∓ rotQ(L) + 1).
Proof. By the definition of νc(ξ)(−Y,K), the contact invariant c(ξ) 6∈ Im(vksξ+k∗) if and
only if ksξ + k < νc(ξ)(−Y,K). By Lemma 2.3, νc(ξ)(−Y,K) equals either −τ
∗
c(ξ)(Y,K)
or −τ ∗c(ξ)(Y,K) + 1. On the other hand, the main result in [24] shows that
1
2
(−tbQ(L) ±
rotQ(L) − 1) ≥ −τ
∗
c(ξ)(Y,K). Applying Corollary 3.4, we conclude that νc(ξ)(−Y,K) =
−τ ∗c(ξ)(Y,K) + 1 and −τ
∗
c(ξ)(Y,K) =
1
2
(−tbQ(L)± rotQ(L)− 1). 
Proof of Theorem 1.1. Since 1
2
(tbQ(L) ± rotQ(L) + 1) < τ
∗
c(ξ)(Y,K) = −τc(ξ)(−Y,K),
Lemma 3.5 implies that c(Y, ξ) lies in the image of vksξ+k∗. So it suffices to find a cycle
c ∈ Aksξ+k such that vksξ+k∗(c) = c(Y, ξ) ∈ H∗(B), while hksξ+k∗(c) = 0. Recall that
Aksξ+k is the subquotient complex C{max(i, j − ksξ − k) = 0} of CFK
∞(−Y,K). By
definition of τc(ξ)(−Y,K), there is a cycle c in the vertical complex B = C{i = 0} that is
supported in C{i = 0, j ≤ τc(ξ)(−Y,K)} and [c] = c(ξ) ∈ H∗(B). By our assumption,
ksξ + k =
1
2
(±rotQ(L)− tbQ(L)− 1) > τc(ξ)(−Y,K), so c can be considered as a cycle in
Aksξ+k, and since it lies in the subcomplex with j < ksξ + k, it vanishes under hksξ+k. 
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L2
L1
FIGURE 3. A Legendrian link L1 ∪ L2, where L2 is a Legendrian push-off of L1.
Remark 3.6. For a Legendrian knot L in (S3, ξst), if rot(L) 6= 0, then [19, Theorem 1.1]
tells us that ξ+1(L) has vanishing contact invariant. However, this is not true for Legendrian
knots in contact rational homology 3-spheres. For example, in Figure 3, L1 is a Legendrian
right handed trefoil with tb(L1) = 0 and rot(L1) = −1, and L2 is a Legendrian push-off
of L1. The contact 3-manifold L
−1
2 is an integral homology 3-sphere. Using [17, Lemma
3.1], the rational Thurston-Bennequin invariant of L1 in L
−1
2 is 0 and the rational rotation
number of L1 in L
−1
2 is −1. The contact (+1)-surgery on L
−1
2 along L1 yields (S
3, ξst)
([8]) which certainly has nonvanishing contact invariant.
Now we turn to some applications of Theorem 1.1. First, we recall the following proposi-
tion.
Proposition 3.7. [24, Lemma 3.2] For i = 1, 2, suppose that Li is a Legendrian knot
in a contact rational homology 3-sphere (Yi, ξi). Then the rational Thurston-Bennequin
invariant and the rational rotation number of the Legendrian knot L1♯L2 in the contact
3-manifold (Y1♯Y2, ξ1♯ξ2) satisfy
tbQ(L1♯L2) = tbQ(L1) + tbQ(L2) + 1,
rotQ(L1♯L2) = rotQ(L1) + rotQ(L2).
Proof of Proposition 1.2. It suffices to prove the case that L1 contains only one component
L1. Suppose L1 is the Legendrian connected sum of L
′
3 and L3. Then we have
(L−12 , L1) = (L
−1
2 , L
′
3)♯(S
3, L3).
By the main result of [24],
tbQ(L
′
3) + |rotQ(L
′
3)|+ 1 ≤ 2τ
∗
c(L−12 )
(L−12 , K
′
3).
By assumption,
tb(L3) + |rot(L3)|+ 1 < 2τ(K3).
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So by Proposition 2.7 and Proposition 3.7,
tbQ(L1) + |rotQ(L1)|+ 1 < 2τ
∗
c(L−12 )
(L−12 , K1).
Hence the proposition follows from Theorem 1.1. 
L2 L1
L2
U
L1
FIGURE 4. A Legendrian link L1 ∪ L2.
Corollary 3.8. Let L1∪L2 ⊂ (S
3, ξst) be an oriented Legendrian link with two components
which has a front projection depicted on the top of Figure 4. If tb(L2) 6= 1 and tb(L1) +
|rot(L1)| < 2τ(K1)− 1, whereK1 is the topological type of L1, then the contact invariant
of L+11 ∪ L
−1
2 vanishes.
Proof. Clearly, the contact invariant of L−12 is non-vanishing. Since tb(L2) − 1 6= 0,
S3tb(L2)−1(K2) is a rational homology sphere. We have
(S3tb(L2)−1(K2), K1) = (S
3
tb(L2)−1
(K2), U)♯(S
3, K1),
where U is a Legendrian unknot shown on the bottom left of Figure 4.
Since
tb(L1) + |rot(L1)|+ 1 < 2τ(K1),
the corollary follows from Proposition 1.2. 
Example 3.9. Let L = L1 ∪ L2 be a Legendrian link in (S
3, ξst) as depicted in Figure 5.
Suppose L1 is a Legendrian figure eight knot with tb(L1) = −3 and rot(L1) = 0. Since
τ(K1) = 0, Corollary 3.8 implies that L
+1
1 ∪ L
−1
2 is a contact structure with vanishing
contact invariant for any Legendrian knot L2 with tb(L2) 6= 1.
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L2
L1
FIGURE 5. A Legendrian link L1 ∪ L2, where L1 is a Legendrian figure eight knot.
In the last part of this section, we prove Proposition 1.3 and its application in contact (+1)-
surgeries along Legendrian links in (S3, ξst), Corollary 1.4. Note that the vanishing result
in Proposition 1.3 is only obtained for the plus-version of the contact invariant c+(ξ) as
opposed to c(ξ) in the other parts of the paper. To the best of the authors’ knowledge, there
is no known example of contact 3-manifold (Y, ξ) with vanishing c+(ξ) but nonvanishing
c(ξ).
Proof of Proposition 1.3. Let X be the cobordism from Y to Y+1(L) induced by the con-
tact (+1)-surgery. Then the map F+−X : HF
+(−Y ) → HF+(−Y+1(L)) send c
+(ξ)
to c+(ξ+1(L)). By [28, Lemma 5.1] and Lemma 3.2, the self intersection of the gen-
erator of H2(−X ;Z) ∼= Z is −q(tbQ(L) + 1) > 0. So −X is positive definite. By
[34, Lemma 8.2], F∞−X : HF
∞(−Y ) → HF∞(−Y+1(L)) vanishes. Since Y is an L-
space, HF∞(−Y ) → HF+(−Y ) is onto. Hence F+−X = 0, and the contact invariant
c+(Y+1(L), ξ+1(L)) vanishes. 
Proof of Corollary 1.4. If K2 is an unknot, then the corollary follows from [11, Theorem
1.1]. In the following we assume that K2 is nontrivial.
Since K2 is an L-space knot, g(K2) = τ(K2). If tb(L2) < 2g(K2) − 1 = 2τ(K2) − 1,
then the main result in [19] implies that c+(L+12 ) is vanishing. So the contact invariant
c+(L+11 ∪ L
+1
2 ) vanishes for any Legendrian knot L1.
From Bennequin’s inequality, we can now assume that tb(L2) = 2g(K2)− 1. Indeed, Lid-
man and Sivek conjectured in [25, Conjecture 1.19] that any L-space knotK2 has maximal
Thurston-Bennequin invariant 2g(K2)−1. By the main result in [19], L
+1
2 is a tight contact
L-space. Using [17, Lemma 3.1], we know that the rational Thurston-Bennequin invariant
of L1 in L
+1
2 is
tb(L1) +
det
(
0 l
l tb(L2) + 1
)
tb(L2) + 1
= tb(L1)−
l2
2g(K2)
,
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which is less than −1 by assumption. So the corollary follows immediately from Proposi-
tion 1.3. 
Example 3.10. The contact (+1)-surgery along the Legendrian link L1 ∪ L2 in Figure 6
has vanishing contact invariant c+(L+11 ∪ L
+1
2 ).
L1
L2
FIGURE 6. A Legendrian link L1 ∪ L2, where both components are Leg-
endrian right handed trefoil knots with tb = 1, and the linking number is
4.
4. OVERTWISTED CONTACT (+1)-SURGERIES IN RATIONAL HOMOLOGY 3-SPHERES
We use the following result as the main tool of the proof of Theorem 1.5.
Theorem 4.1 (S´wia¸towski[12], Etnyre[15], Baker-Onaran[3]). If L ⊂ (Y, ξ) is a rationally
null-homologous Legendrian knot such that the complement of a regular neighborhood of
L is tight, then
−|tbQ(L)|+ |rotQ(L)| ≤ −
χ(F )
q
,
where q is the order of [L] in H1(Y ;Z), and χ(F ) is the Euler characteristic of a rational
Seifert surface F for L.
Proof of Theorem 1.5. Thanks to the main result in [9], we can assume that (Y, ξ) is ob-
tained by a contact (±1)-surgery on (S3, ξst) along a Legendrian link L2∪· · ·∪Ln. Let L1
be a Legendrian knot in (S3, ξst) which is disjoint from L2 ∪ · · · ∪ Ln and whose image in
(Y, ξ) is L. Then (Y+1(L), ξ+1(L)) can be obtained by a contact (±1)-surgery on (S
3, ξst)
along a Legendrian link L1 ∪L2 ∪ · · · ∪Ln, where the contact surgery coefficient along L1
is +1. Let L0 be a Legendrian push-off of L1.
We abbreviate tb(Li) by tbi and rot(Li) by roti for i = 0, 1, 2, · · · , n. Then tb0 = tb1 and
rot0 = rot1. Suppose the smooth surgery framing along Li is ai for i = 2, · · · , n, then
Y+1(L) can be obtained by tb1 + 1 surgery along L1, a2-surgery along L2, · · · , and an-
surgery along Ln. Denote by lij the linking number of Li and Lj , where i, j = 0, 1, · · · , n.
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We have l01 = tb1 and l0j = l1j for j = 2, · · · , n. We shall use [17, Lemma 3.1] to compute
the rational Thurston-Bennequin invariants and rational rotation numbers.
LetM =

a2 l23 · · · l2n
l32 a3 · · · l3n
...
... · · ·
...
ln2 ln3 · · · an
 ,
M1 =

tb1 + 1 l12 l13 · · · l1n
l21 a2 l23 · · · l2n
l31 l32 a3 · · · l3n
...
...
... · · ·
...
ln1 ln2 ln3 · · · an
,M ′1 =

0 l12 l13 · · · l1n
l21 a2 l23 · · · l2n
l31 l32 a3 · · · l3n
...
...
... · · ·
...
ln1 ln2 ln3 · · · an
,
M2 =

0 tb1 l12 l13 · · · l1n
tb1 tb1 + 1 l12 l13 · · · l1n
l21 l21 a2 l23 · · · l2n
l31 l31 l32 a3 · · · l3n
...
...
...
... · · ·
...
ln1 ln1 ln2 ln3 · · · an
 .
Let R =
 rot2...
rotn
 and N =
 l12...
l1n
 .
Then tbQ(L) = tb1 +
det(M ′1)
det(M)
.
Write M ′1 =
(
0 NT
N M
)
=
(
−NTM−1N NT
0 M
)(
1 0
M−1N I
)
, where I is the
(n− 1)-by-(n− 1) identity matrix.
Hence, det(M ′1) = −N
TM−1N · det(M) and tbQ(L) = tb1 −N
TM−1N .
Moreover,
rotQ(L) = rot1 − 〈
 rot2...
rotn
 ,M−1
 l12...
l1n
〉 = rot1 − RTM−1N .
Let L∗0 be the image of L0 in (Y+1(L), ξ+1(L)).
Lemma 4.2. rotQ(L
∗
0) =
rotQ(L)
tbQ(L)+1
.
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Proof. We have the formula:
rotQ(L
∗
0) = rot0 − 〈

rot1
rot2
...
rotn
 ,M−11

tb1
l12
...
l1n
〉
= rot0 −
(
rot1 R
T
)
M−11
(
tb1
N
)
.
Note thatM1 =
(
tb1 + 1 N
T
N M
)
=
(
tb1 + 1−N
TM−1N NT
0 M
)(
1 0
M−1N I
)
.
So
det(M1)
det(M)
= tb1 + 1−N
TM−1N = tbQ(L) + 1,
and
M−11 =
(
1 0
−M−1N I
)(
1
tb1+1−NTM−1N
− N
TM−1
tb1+1−NTM−1N
0 M−1
)
=
(
det(M)
det(M1)
− det(M)
det(M1)
NTM−1
− det(M)
det(M1)
M−1N det(M)
det(M1)
M−1NNTM−1 +M−1
)
.
Therefore,
rotQ(L
∗
0) = rot0 −
(
rot1 R
T
) ( det(M)
det(M1)
− det(M)
det(M1)
NTM−1
− det(M)
det(M1)
M−1N det(M)
det(M1)
M−1NNTM−1 +M−1
)
(
tb1
N
)
= (rot1 −R
TM−1N) det(M)
det(M1)
= rotQ(L)
det(M)
det(M1)
=
rotQ(L)
tbQ(L)+1
. 
Lemma 4.3. tbQ(L
∗
0) =
tbQ(L)
tbQ(L)+1
.
Proof. tbQ(L
∗
0) = tb0 +
det(M2)
det(M1)
.
det(M2) = det

−tb1 + 1 −1 0 · · · 0
−1 tb1 + 1 l12 · · · l1n
0 l21 a2 · · · l2n
...
...
... · · ·
...
0 ln1 ln2 · · · an

= (−tb1 + 1) det(M1)− det(M).
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So tbQ(L
∗
0) = tb0 +
(−tb1+1) det(M1)−det(M)
det(M1)
= tb0 − tb1 + 1 −
det(M)
det(M1)
= 1 − det(M)
det(M1)
=
1− 1
tbQ(L)+1
=
tbQ(L)
tbQ(L)+1
. 
Lemma 4.4. The order of [L∗0] inH1(Y+1(L);Z) is q · |tbQ(L) + 1|.
Proof. Note that L∗0 is smoothly isotopic to the image of the meridian, µ ⊂ ∂N(L) ⊂ Y , of
L in Y+1(L). Suppose F is a rational Seifert surface for L, and F ∩∂N(L) = c(tλcan+rµ),
where t and r are relatively prime integers, 0 ≤ r < t and ct = q. Let λcon = λcan+(p−1)µ
be the contact framing of L in (Y, ξ), where p is an integer. In H1(Y+1(L);Z), we have
q[λcan] + cr[µ] = 0 and [λcan] + p[µ] = 0. So (cr − pq)[µ] = 0.
On the other hand, tbQ(L) =
1
q
F ·λcon =
1
q
(q[λcan]+cr[µ])·([λcan]+(p−1)[µ]) = p−1−
cr
q
.
So cr = q · (p− 1− tbQ(L)). Hence we have (−q · tbQ(L)− q)[µ] = 0, and L
∗
0 is of order
q|tbQ(L) + 1| inH1(Y+1(L);Z). 
Let L∗k be the kth positive or negative stabilization of L
∗
0. If rotQ(L
∗
0) is nonnegative,
then we choose kth positive stabilization. Otherwise, we choose kth negative stabilization.
Assume k is sufficiently large. If tbQ(L) < −1, then it follows from Lemma 4.3 that
tbQ(L
∗
0) is positive. So we have−|tbQ(L
∗
k)|+ |rotQ(L
∗
k)| = −|tbQ(L
∗
0)−k|+ |rotQ(L
∗
0)|+
k = −(k − |tbQ(L
∗
0)|) + |rotQ(L
∗
0)|+ k = |tbQ(L
∗
0)|+ |rotQ(L
∗
0)| =
|tbQ(L)|+|rotQ(L)|
|tbQ(L)+1|
.
The order of [L∗k] is the same as that of [L
∗
0] inH1(Y+1(L);Z), that is, q|tbQ(L) + 1|. Also,
the rational Seifert surface F for L in Y is in fact a rational Seifert surface for L∗0 in Y+1(L),
and hence is a rational Seifert surface for L∗k in Y+1(L). If |tbQ(L)| + |rotQ(L)| >
−χ(F )
q
,
then −|tbQ(L
∗
k)|+ |rotQ(L
∗
k)| >
−χ(F )
q|tbQ(L)+1|
, and by Theorem 4.1, the complement of L∗k in
(Y+1(L), ξ+1(L)) is overtwisted. 
Then we see some application of Theorem 1.5. In practice, the most difficult part is to find
a rational Seifert surface.
Corollary 4.5. Let L1∪L2 ⊂ (S
3, ξst) be an oriented Legendrian link with two components
which has a front projection depicted on the top of Figure 4. If
tb(L2) 6= 1, tb(L1) +
1
1− tb(L2)
< −1
and
|rot(L1) +
rot(L2)
1− tb(L2)
| > 2g1 +
2g2 − 1
|1− tb(L2)|
+ tb(L1) +
1
1− tb(L2)
,
where gi is the genus of Li for i = 1, 2, then L
+1
1 ∪ L
−1
2 is overtwisted.
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Proof. Denote by tbQ(L1) and rotQ(L1) the rational Thurston-Bennequin invariant and
rational rotation number of L1 in L
−1
2 , then tbQ(L1) = tb(L1) +
1
1−tb(L2)
and rotQ(L1) =
rot(L1) +
rot(L2)
1−tb(L2)
. The order of L1 in L
−1
2 is |1− tb(L2)|. The Legendrian knot L1 in L
−1
2
can be seen as the connected sum of a Legendrian knot U in L−12 and L1 in (S
3, ξst). See
the bottom of Figure 4. The Legendrian knot U in L−12 is of order |1 − tb(L2)|. Since U
is smoothly isotopic to the core of the surgery solid torus of L−12 , it has a rational Seifert
surface with Euler characteristc 1− 2g2. By [5, (2.3.1)], L1 has a rational Seifert surface F
in L−12 with Euler characteristc
1− 2g2 + |1− tb(L2)| · (1− 2g1)− |1− tb(L2)| = 1− 2g2 − 2g1 · |1− tb(L2)|.
So we have tbQ(L1) < −1 and |rotQ(L1)|−tbQ(L1) > −
χ(F )
q
. By Theorem 1.5, L+11 ∪L
−1
2
is overtwisted. 
L1
U
FIGURE 7. A Legendrian link L1 ∪ U .
Example 4.6. Let L1 ∪ U be a Legendrian link in (S
3, ξst) shown in Figure 7. If tb(L1) ≤
−2 and |rot(L1)| > tb(L1)+2g1, where g1 is the genus ofL1, thenL
+1
1 ∪U
−1 is overtwisted.
Example 4.7. Let L1 ∪ U be a Legendrian link in (S
3, ξst) shown in Figure 8. Obviously,
L1 is integrally null-homologous in the contact 3-manifold U
−1. Moreover, tbQ(L1) = −6,
|rotQ(L1)| = 1 and there exists a Seifert surface F with χ(F ) = −3 for L1 by tubing
operation. By Theorem 1.5 or [6, Theorem 1.1], L+11 ∪ U
−1 is overtwisted.
L1 U
FIGURE 8. A Legendrian link L1 ∪ U with linking number 0.
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Example 4.8. In [2, Proposition 3.4], Baker and Grigsby proved that any Legendrian L in a
universal tight contact lens space (L(a, b), ξUT ) has a twisted toroidal front projection. The
invariant tbQ(L) can be computed via such front projection, see [2, Proposition 6.8] and
[7, Corollary 3.3]. So we can apply Proposition 1.3 for Legendrian knots in (L(a, b), ξUT )
conveniently. In [7, Proposition 3.6], the invariant rotQ(L) is also computed via the front
projection. Possibly, one can construct a rational Seifert surface for L via the front projec-
tion in a similar way as in [32, Section 3.4]. Then we can apply Theorem 1.5 for Legendrian
knots in (L(a, b), ξUT ).
5. OVERTWISTED CONTACT (+1)-SURGERIES ALONG LEGENDRIAN
TWO-COMPONENT LINKS
Proof of Theorem 1.5. We draw a Legendrian knot L′ in the exterior of the link L1 ∪ L2.
See Figure 9. Outside the dashed box, L′ consists of two Legendrian arcs which are the
downward contact push-offs of the outside part of L1 and L2 respectively. There is a thrice-
punctured sphere S shown in the exterior of the link L1 ∪ L2 ∪ L
′ whose boundary ∂S =
L1 ∪ L2 ∪ L
′. Let the linking number of L1 and L2 be l, and the orientations of L1 and L2
L1 L2
L′
FIGURE 9. The thin knot is L′. The shaded area is a thrice-punctured sphere.
are coherent with the induced orientation of S.
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Lemma 5.1. tb(L′) = tb(L1) + tb(L2) + 2(l + 1).
Proof. The proof is similar to that of [11, Lemma 6.1]. The number of cusps of L′ is
c(L′) = (c(L1)−1)+(c(L2)−1). The writhe ofL
′ isw(L′) = w(L1)+w(L2)+2(l+1)−1,
where the outside crossings contribute w(L1) + w(L2) + 2(l + 1) to w(L
′), and the inside
crossing contributes −1 to w(L′). So tb(L′) = w(L′)− 1
2
c(L′) = tb(L1) + tb(L2) + 2(l +
1). 
Lemma 5.2. (1) For i = 1, 2, the framing of Li induced by S is tb(Li) + 1 with respect to
the Seifert surface framing of Li.
(2) The framing of L′ induced by S is tb(L1) + tb(L2) + 2(l+1) with respect to the Seifert
surface framing of L′; that is, the framing of L′ induced by S coincides with the contact
framing of L′.
Proof. (1) For i = 1, 2, the framing of Li induced by S is the linking number of Li and its
push-off in S. The verification is straightforward.
(2) Let L′0 be the push-off of L
′ in the interior of S. We compute the linking number
lk(L′, L′0) by considering the signed crossings where L
′
0 are underpasses. The outside
crossings contribute (tb(L1) + 1) + tb(L2) + 2(l + 1) to the linking number. The inside
crossings contribute −1 to the linking number. So lk(L′, L′0) = tb(L1) + tb(L2) + 2(l +
1). 
By Lemma 5.1, S becomes a disk in the contact (+1)-surgery along L1 ∪ L2. It follows
from Lemma 5.2 that this disk is overtwisted. 
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